
Mathematics exercises for exam preparation: 

A. Integrals; B. Calculation of Area  

A. Evaluate the following integrals. 

1. 

∫ 𝑒
𝑥
2 𝑑𝑥 = ∫ 𝑒

𝑥
2  2 𝑑

𝑥

2
= 2 ∫ 𝑒

𝑥
2  𝑑

𝑥

2
= 2𝑒

𝑥
2 + 𝐶 

2.  

∫ 5𝑥 𝑑𝑥 = ∫ 𝑒ln 5𝑥
𝑑𝑥 = ∫ 𝑒x ln 5 𝑑𝑥 =

1

ln 5
∫ 𝑒x ln 5 𝑑𝑥 ln 5 =

𝑒𝑥 𝑙𝑛 5

ln 5
+ 𝐶 

3. 

∫ 𝑒−3 𝑑𝑥 =
1

𝑒3
∫ 1 𝑑𝑥 =

𝑥

𝑒3
+ 𝐶 

4. 

∫ 𝑒𝑥3
𝑥2 𝑑𝑥 = ∫ 𝑒𝑥3 𝑑𝑥3

3
=

1

3
∫ 𝑒𝑥3

𝑑𝑥3 = (
𝑢 = 𝑥3

𝑑𝑢 = 𝑑𝑥3
) =

1

3
∫ 𝑒𝑢𝑑𝑢 =

1

3
𝑒𝑢 + 𝐶

=
1

3
𝑒𝑥3

+ 𝐶 

5. 

∫
sin 𝑥

(cos 𝑥)3
𝑑𝑥 = (

−sin 𝑥 𝑑𝑥 = 𝑑𝑢

𝑢 = cos 𝑥
) = ∫

−𝑑𝑢

𝑢3
= −

𝑢−3+1

−3 + 1
+ 𝐶 =

1

2(cos 𝑥)2
+ 𝐶 

6. 

∫ √5 − 6𝑥
3

 𝑑𝑥 = (
𝑢 = 5 − 6𝑥

𝑑𝑢 = −6𝑑𝑥
) = ∫ √𝑢

3 𝑑𝑢

−6
= −

1

6

𝑢
1
3

+1

1
3 + 1

+ 𝐶 = −
1

8
𝑢

4
3 + 𝐶

= −
1

8
(5 − 6𝑥)

4
3 + 𝐶 

7. 

∫ cos
𝑥

4
𝑑𝑥 = ∫ cos

𝑥

4
𝑑

𝑥

4
 4 = (

𝑢 = 𝑥/4

𝑑𝑢 = 𝑑𝑥/4
) = 4 ∫ cos 𝑢 𝑑𝑢 = 4 sin 𝑢 + 𝐶 = 4𝑠𝑖𝑛

𝑥

4
+ 𝐶 

 

8. 

∫ sin 𝑥 (cos 𝑥)3 𝑑𝑥 = (
cos 𝑥 = 𝑢

−sin 𝑥 𝑑𝑥 = 𝑑𝑢
) = ∫ − 𝑢3 𝑑𝑢 = −

𝑢3+1

3 + 1
+ 𝐶 = −

(cos 𝑥)4

4
+ 𝐶 

9.  

∫
𝑑𝑥

𝑥 (1 + ln 𝑥)
𝑑𝑥 = (

𝑢 = ln 𝑥

𝑑𝑢 = 𝑑𝑥 
1
𝑥

)

= ∫
𝑑𝑢

1 + 𝑢
= ∫

𝑑(1 + 𝑢)

1 + 𝑢
= ln|1 + 𝑢| + 𝐶 = ln|1 + ln 𝑥| + 𝐶 

 

10. 

∫
𝑑𝑥

( arcsin 𝑥)2 √1 − 𝑥2
= (

𝑢 = arcsin 𝑥

𝑑𝑢 = 𝑑𝑥 
1

√1 − 𝑥2

) = ∫
𝑑𝑢

( 𝑢)2
=

𝑢−2+1

−2 + 1
+ C =

−1

𝑢
+ C =

= −
1

arcsin 𝑥
+ 𝐶  
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11.  

∫ 𝑥 sin 𝑥 𝑑𝑥 = (

sin 𝑥 = 𝑣′

−cos 𝑥 = 𝑣
𝑥 = 𝑢

𝑑𝑥 = 𝑑𝑢

) = 𝑥(− cos 𝑥) − ∫ 1(− cos 𝑥) 𝑑𝑥 = −𝑥𝑐𝑜𝑠 𝑥 + sin 𝑥 + 𝐶 

12.  

∫ 𝑥2 cos 𝑥 𝑑𝑥 = (

cos 𝑥 = 𝑣′

sin 𝑥 = 𝑣
𝑥2 = 𝑢

2𝑥𝑑𝑥 = 𝑑𝑢

) = 𝑥2 sin 𝑥 − ∫ 2𝒙 𝒔𝒊𝒏 𝒙 𝒅𝒙 

 

= |𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑛 𝐛𝐨𝐥𝐝 𝐢𝐬 𝐢𝐝𝐞𝐧𝐭𝐢𝐜𝐚𝐥 𝐭𝐨 𝐩𝐫𝐞𝐯𝐢𝐨𝐮𝐬 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥  | 
 

= 𝑥2 sin 𝑥 − 2(−𝑥𝑐𝑜𝑠 𝑥 + sin 𝑥) + 𝐶 
 

13.   

∫ 𝑥𝑒𝑥 𝑑𝑥 = (

𝑥 = 𝑢

𝑑𝑥 = 𝑑𝑢
𝑒𝑥 = 𝑣

𝑒𝑥 = 𝑑𝑣

) = 𝑥𝑒𝑥 − ∫ 𝑒𝑥 𝑑𝑥 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝐶 = 𝑒𝑥 (𝑥 − 1) + 𝐶 

 

 

 

 

B. Calculation of Area.  
1. 

  a) Sketch the area of the region enclosed by the curves of 𝑓(𝑥) =
𝑥2

2
  

and 𝑔(𝑥) =
1

2
−

𝑥

2
. 
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b) Find the area of the region enclosed by the curves of 𝑓(𝑥) =
𝑥2

2
  

and 𝑔(𝑥) =
1

2
−

𝑥

2
. 

1

2
−

𝑥

2
=

𝑥2

2
 

 

Intersection points: 𝑥1 =
−1−√5

2
;  𝑥2 =

−1+√5

2
 

 

𝐴𝑟𝑒𝑎 = ∫
1

2
−

𝑥

2
−

𝑥2

2
 𝑑𝑥

𝑥2

𝑥1

=
𝑥

2
−

𝑥2

4
−

𝑥3

6
  |

𝑥2
𝑥1

=
−1 + √5

4
−

−1 − √5

4
−

(−1 + √5)
2

16
+

(−1 − √5)
2

16
−

(−1 + √5)
3

48

+
(−1 − √5)

3

48
= 0,93 

 
 

3. Draw the function 𝑓(𝑥) = 𝑒2𝑡+1 on the interval [-1;1] and evaluate the integral. 

∫ 𝑒2𝑡+1𝑑𝑡

1

−1

= ∫
1

2
𝑒2𝑡+1𝑑(2𝑡 + 1)

1

−1

=
1

2
𝑒2𝑡+1|

1
−1

=
𝑒3

2
−

1

2𝑒1
≈ 9,86 
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